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✖ ❲❡ ❞♦ ♥♦t ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤❡ ❤♦♣❡ ♦❢ ❜②♣❛ss✐♥❣ t❤❡ ♥❡❡❞ ❢♦r ❝♦❤❡r❡♥❝❡
❞✐❛❣r❛♠s ✇❤✐❧❡ ❞❡✜♥✐♥❣ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✐♥ ❝♦r❡ ❤♦♠♦t♦♣② t②♣❡ t❤❡♦r② s✉❝❤ ❛s
t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ✭❚❤❡ ❯♥✐✈❛❧❡♥t ❋♦✉♥❞❛t✐♦♥s Pr♦❣r❛♠✱ ✷✵✶✸✮✳ ❊✈❡♥ ✐❢ ❢♦r ✜①❡❞
n✱ i ❛♥❞ j✱ t❤❡ ❡q✉❛t✐♦♥ dni ◦ d
n+1
j = d
n
j ◦ d
n+1
i+1 ❢♦r n ≥ i ≥ j ❤❛s ❛ ❝❧♦s❡❞ ♣r♦♦❢ ❛♥❞
❤❡♥❝❡ ❤♦❧❞s ❜② ❝♦♥str✉❝t✐♦♥✱ ✐t ♦♥❧② ❤♦❧❞s ✉♣ t♦ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❡q✉❛t✐♦♥s
dn
′
k′ ◦d
n′+1
j′ ◦d
n′+2
i′ = d
n′
i′ ◦d
n′+1
j′+1 ◦d
n′+2
k′+2 ✇❤❡♥ ♦♥❡ ♦❢ n✱ i ♦r j ✐s ♥♦t ✜①❡❞ ❛♥❞ n ≥ 1 ❛♥❞
t❤❡ t②♣❡s ❤❛✈❡ ❤✲❧❡✈❡❧ ≥ ✸✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐ts❡❧❢ r❡q✉✐r❡s ❛ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥ ❝♦❤❡r❡♥❝❡
❝♦♥❞✐t✐♦♥ ✐❢ n ≥ 2 ❛♥❞ t❤❡ t②♣❡s ❤❛✈❡ ❤✲❧❡✈❡❧ ≥ ✹✱ ❛♥❞ s♦ ♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✿
✕ ❖✉r ❞❡✜♥✐t✐♦♥ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦r❡ ❤♦♠♦t♦♣② t②♣❡ t❤❡♦r②✱ ❢♦r
❞❡✜♥✐♥❣ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✇✐t❤ t②♣❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❤♦♠♦t♦♣② ❧❡✈❡❧✳
✕ ❖✉r ❞❡✜♥✐t✐♦♥ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ♦✈❡r t②♣❡s
♦❢ ❜♦✉♥❞❡❞ ❤♦♠♦t♦♣② ❧❡✈❡❧✱ s❛② n + 2✱ ❜✉t t❤✐s r❡q✉✐r❡s ♣r♦✈✐♥❣ n + 1 ❝♦❤❡r❡♥❝❡
❞✐❛❣r❛♠s ♦❢ ✐♥❝r❡❛s✐♥❣ ❝♦♠♣❧❡①✐t② ❛❜♦✉t ❤♦✇ t♦ ❡q✉❛t❡ t❤❡ ❞✐✛❡r❡♥t ✇❛②s ♦❢ ❝♦♠✲
♣♦s✐♥❣ n + 2 ❢❛❝❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡s n = 0 ❛♥❞ n = 1
✭❙❡❝t✐♦♥ ✺✮†✳
✖ ❍♦✇❡✈❡r✱ ✐♥ ❛♥ ✐❞❡❛❧✐st✐❝ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛ str✐❝t ❡q✉❛❧✐t② ❝♦✲
❡①✐st✐♥❣ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ✉♥✐✈❛❧❡♥t ❡q✉❛❧✐t② ✭❱♦❡✈♦❞s❦②✱ ✷✵✶✶❀ ❱♦❡✈♦❞s❦②✱ ✷✵✶✷❜✮ ♦❢
❤♦♠♦t♦♣② t②♣❡ t❤❡♦r②✱ ♦✉r ❞❡✜♥✐t✐♦♥ ❜❡❝♦♠❡s ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❞❡✜♥✐♥❣ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s ♠❛❞❡ ♦❢ t②♣❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❤♦♠♦t♦♣② ❧❡✈❡❧ ✭❙❡❝t✐♦♥ ✹✮✿ ✐♥❞❡❡❞✱ ❜② ❡①♣r❡ss✐♥❣
t❤❡ ❢❛❝❡ ❡q✉❛t✐♦♥s ✉s✐♥❣ ❛ str✐❝t ❡q✉❛❧✐t②✱ t❤❡ ❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ♦♥ t❤❡ ✢②✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❢✉❧❧② ❢♦r♠❛❧✐③❡❞ ♦✉r ❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ✭❈♦q
❉❡✈❡❧♦♣♠❡♥t ❚❡❛♠✱ ✷✵✶✷✮ ❡①t❡♥❞❡❞ ✇✐t❤ ❛♥ ❛①✐♦♠ ❡①♣r❡ss✐♥❣ str✐❝t♥❡ss ♦❢ ❡q✉❛❧✐t②‡✳
❲❡ ❞✐❞ ♥♦t ✭❡ss❡♥t✐❛❧❧②✮ ✉s❡ t❤❡ Pr♦♣ ✉♥✐✈❡rs❡ ♦❢ ❈♦q ❛♥❞ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r ❛
❞✐st✐♥❝t ✉♥✐✈❛❧❡♥t ❡q✉❛❧✐t② ✇✐t❤ ✭♥❡❝❡ss❛r✐❧②✮ ❧✐♠✐t❡❞ tr❛♥s♣♦rt ❛❜✐❧✐t✐❡s ❝❛♥ ❜❡ ❛❞❞❡❞
✐♥ ❛ ❝♦♥s✐st❡♥t ✇❛② ♦♥ t♦♣ ♦❢ t❤❡ r❡s✉❧t✐♥❣ t②♣❡ t❤❡♦r② ✐s ♦♣❡♥✳
✖ ❆s ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✱ ✇❡ ❣✐✈❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ s❡♠✐✲s✐♠♣❧✐❝❡s ❛♥❞
♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s✱ ❛s ✇❡❧❧ ❛s ❛ s❦❡t❝❤ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❡①♣♦♥❡♥t✐❛❧ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✭❙❡❝t✐♦♥ ✻✮✳
▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ ❢✉t✉r❡ ✇♦r❦ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♥❡❡❞s ♥♦t ❜❡ r❡str✐❝t❡❞ t♦
s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❛♥❞ t❤❛t ✐t ❝❛♥ ✐♥st❡❛❞ ❜❡ ❞♦♥❡ ❢♦r s✐♠♣❧✐❝✐❛❧ t②♣❡s ❛s ✇❡❧❧ ❛s ❢♦r
❛♥② ❢✉♥❝t♦r ♦✈❡r ❘❡❡❞② ❝❛t❡❣♦r✐❡s ✭✇✐t❤ ♦r❞✐♥❛❧ ω✮✱ ❜② ✜rst ❜✉✐❧❞✐♥❣ t②♣❡s ❞❡♣❡♥❞❡♥t
† ❚❤❡ ❝❛s❡ n = −2 ❛♥❞ n = −1 ❛r❡ tr✐✈✐❛❧ ❛♥❞ ✉♥✐♥t❡r❡st✐♥❣✳
‡ ❈♦q ❞♦❡s ♥♦t ♥❛t✐✈❡❧② ✐♥t❡r♣r❡t t❤✐s ❛①✐♦♠ ❝♦♠♣✉t❛t✐♦♥❛❧❧②✳ ■❢ ✐t ❤❛❞✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❣♦tt❡♥ dni ◦d
n+1
j
=
dnj ◦ d
n+1
i+1
❤♦❧❞✐♥❣ ❞❡✜♥✐t✐♦♥❛❧❧② ❢♦r n✱ i ❛♥❞ j ✜①❡❞✳
❍✉❣♦ ❍❡r❜❡❧✐♥ ✹
♦✈❡r t❤❡ ♥❡❣❛t✐✈❡ ✏s❦❡❧❡t♦♥✑ ♦❢ ♦❜❥❡❝ts ✭❢❛❝❡s✮✱ ❛♥❞ ❜② ✐♥❥❡❝t✐♥❣ t❤❡ ♣♦s✐t✐✈❡ ♠♦r♣❤✐s♠s
✭❞❡❣❡♥❡r❛❝✐❡s✮ ❛❢t❡r✇❛r❞s✳ ❙✉❝❤ ❛ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❞❡✜♥✐t✐♦♥ ✐s ❝♦♥str✉❝t✐✈❡ ✐♥ t❤❡
s❡♥s❡ t❤❛t✱ ❢♦r s✐♠♣❧✐❝✐❛❧ t②♣❡s✱ ✇❤❡t❤❡r ❛ n✲s✐♠♣❧❡① ✐s ❞❡❣❡♥❡r❛t❡❞ ♦r ♥♦t ✐s ❞❡❝✐❞❛❜❧❡✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ s❡ts✱ t❤✐s ❞❡✜♥✐t✐♦♥ ✇✐❧❧ ♦♥❧② ❜❡ ❝❧❛ss✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
♣r❡s❤❡❛❢ ❞❡✜♥✐t✐♦♥✳
◆♦t❡ t❤❛t ❛ ♣❛rt✐❛❧ ❜✉t s✐♠✐❧❛r ❣❡♥❡r✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❤❛s ❜❡❡♥
♣r♦✈✐❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❱♦❡✈♦❞s❦② ✭❱♦❡✈♦❞s❦②✱ ✷✵✶✷❛✮✳ ❆ ❝♦♠♣❛r✐s♦♥ ✐s ❞♦♥❡ ✐♥ ❙❡❝✲
t✐♦♥ ✽✳
✷✳ ❚♦✇❛r❞s ❛ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ✭❛✉❣♠❡♥t❡❞✮
s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s
❆s ✐♥✐t✐❛❧❧② ❞❡s❝r✐❜❡❞ ♦♥ t❤❡ ✇✐❦✐ ♦❢ t❤❡ s♣❡❝✐❛❧ ②❡❛r ♦♥ ❯♥✐✈❛❧❡♥t ❋♦✉♥❞❛t✐♦♥s ❛t t❤❡
■♥st✐t✉t❡ ♦❢ ❆❞✈❛♥❝❡❞ ❙t✉❞② ✭▲❡❋❛♥✉ ▲✉♠s❞❛✐♥❡✱ ✷✵✶✷✮✱ ❛ ✭❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞✮ s❡♠✐✲
s✐♠♣❧✐❝✐❛❧ t②♣❡ ✐s ❣✐✈❡♥ ❜② ❛ ❢❛♠✐❧② ♦❢ ❞❡♣❡♥❞❡♥t t②♣❡s✿
Y0 : ❚②♣❡
Y1 : Πab : Y0. ❚②♣❡
Y2 : Πabc : Y0. Πx : Y1(a, b). Πy : Y1(a, c). Πz : Y1(b, c). ❚②♣❡
✳✳✳
❋♦r t❤❡ ♦♥❧② s❛❦❡ ♦❢ r❡❣✉❧❛r✐t② ❛t t❤❡ st❛rt ♦❢ t❤❡ s❡q✉❡♥❝❡✱ ✇❡ s❤❛❧❧ ✐♥st❡❛❞ ❝♦♥s✐❞❡r
t❤❡ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ ✈❛r✐❛♥t ♦❢ t❤✐s ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛❞❞ ❛♥ ❡①tr❛ t②♣❡ Y−1 ♦♥
✇❤✐❝❤ ❛❧❧ Yn✬s ❢♦r n ≥ 0 ❞❡♣❡♥❞ ❡①❛❝t❧② ♦♥❝❡✳ ❚❤✐s ❝❤❛♥❣❡ ✐s ♥♦t ❝r✐t✐❝❛❧ s✐♥❝❡ ✇❡ ❢❛❧❧
❜❛❝❦ ♦♥ s❡♠✐✲s✐♠♣❧✐❝✐❛❧✐t② ❜② t❛❦✐♥❣ Y−1 t♦ ❜❡ ❛ s✐♥❣❧❡t♦♥ t②♣❡✳
Y−1 : ❚②♣❡1
Y0 : Πu : Y−1. ❚②♣❡
Y1 : Πu : Y−1. Πab : Y0(u). ❚②♣❡
Y2 : Πu : Y−1. Πabc : Y0(u). Πx : Y1(u, a, b). Πy : Y1(u, a, c). Πz : Y1(u, b, c). ❚②♣❡
✳✳✳
▲❡t ✉s ✜① s♦♠❡ t②♣❡ ✉♥✐✈❡rs❡ ❚②♣❡1✳ ❚❤❡ ✜rst st❡♣ t♦ ❞❡✜♥❡ t❤❡ ❛✉❣♠❡♥t❡❞ Yn✬s
❣❡♥❡r✐❝❛❧❧② ✐s t♦ r❡♣❤r❛s❡ t❤❡♠ ✉s✐♥❣ ♥❡st❡❞ Σ✲t②♣❡s ♦✈❡r ❜❧♦❝❦s ♦❢ s✐♠♣❧✐❝❡s ♦❢ t❤❡ s❛♠❡
❞✐♠❡♥s✐♦♥✿
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✺
Y−1 : ❚②♣❡1
Y0 : (Σx :
∧
{Y−1})→ ❚②♣❡1
Y1 : (Σx :
∧
{Y−1} .
∧{Y0(π00(x))
Y0(π
0
0(x))
}
)→ ❚②♣❡1
Y2 : (Σx
′ :

Σx : ∧ {Y−1} . ∧


Y0(π
0
0(x))
Y0(π
0
0(x))
Y0(π
0
0(x))



 .
∧


Y1(π
0
0(fstx
′), (π20(sndx
′), π21(sndx
′)))
Y1(π
0
0(fstx
′), (π20(sndx
′), π22(sndx
′)))
Y1(π
0
0(fstx
′), (π21(sndx
′), π22(sndx
′)))

)→ ❚②♣❡1
✳✳✳
✇❤❡r❡ πni ✐s t❤❡ i
t❤ ♣r♦❥❡❝t✐♦♥✱ st❛rt✐♥❣ ❢r♦♠ 0✱ ♦✉t ♦❢ ❛ t✉♣❧❡ ♦❢ n + 1 ❡❧❡♠❡♥ts✱ ✇❤✐❧❡
fstx ❛♥❞ sndx ❞❡♥♦t❡ t❤❡ ✜rst ❛♥❞ ✭❞❡♣❡♥❞❡♥t✮ s❡❝♦♥❞ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❤❛❜✐t❛♥t ♦❢ ❛
Σ✲t②♣❡✳
▲❡t ❯♥✐t ❞❡♥♦t❡ t❤❡ ✉♥✐t t②♣❡ ✇✐t❤ ✉♥✐t ❜❡✐♥❣ ✐ts ✉♥✐q✉❡ ✐♥❤❛❜✐t❛♥t✳ ❲❡ ❣♦ ♦♥❡ st❡♣
❢✉rt❤❡r ✐♥ tr❡❛t✐♥❣ t❤❡ ❜❛s❡ ❝❛s❡s ✉♥✐❢♦r♠❧② ❜② ❡♥s✉r✐♥❣ t❤❛t ❡❛❝❤ Yn ❤❛s ❛ ❢✉♥❝t✐♦♥❛❧
t②♣❡ ❛♥❞ t❤❛t ♥❡st❡❞ Σ✲t②♣❡ ❤❛✈❡ ❯♥✐t ❛s ❝♦♠♠♦♥ ✐♥✐t✐❛❧ ♣r❡✜①✳ ❲❡ t❤✉s ♦❜t❛✐♥✿
Y−1 : ❯♥✐t → ❚②♣❡1
Y0 : (Σx : ❯♥✐t.
∧
{Y−1(✉♥✐t)})→ ❚②♣❡1
Y1 : (Σx
′ : (Σx : ❯♥✐t.
∧
{Y−1(✉♥✐t)}) .
∧{Y0(✉♥✐t, π00(sndx′))
Y0(✉♥✐t, π
0
0(sndx
′))
}
)→ ❚②♣❡1
Y2 : (Σx
′′ :

Σx′ : (Σx : ❯♥✐t. ∧ {Y−1(✉♥✐t)}) . ∧


Y0(✉♥✐t, π
0
0(sndx
′))
Y0(✉♥✐t, π
0
0(sndx
′))
Y0(✉♥✐t, π
0
0(sndx
′))



 .
∧


Y1(✉♥✐t, π
0
0(snd fstx
′′), (π20(sndx
′′), π21(sndx
′′)))
Y1(✉♥✐t, π
0
0(snd fstx
′′), (π20(sndx
′′), π22(sndx
′′)))
Y1(✉♥✐t, π
0
0(snd fstx
′′), (π21(sndx
′′), π22(sndx
′′)))

)→ ❚②♣❡1
✳✳✳
❊❛❝❤ ❜❧♦❝❦ ♦❢ Yi✬s ✐♥ t❤❡ t②♣❡ ♦❢ Yn✱ ❢♦r i < n✱ ✐s ❛ ❜❧♦❝❦ ♦❢ ✐t❡r❛t❡❞ ❢❛❝❡s ❛♥❞ t❤❡
♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥t ✐♥ ❛ ❜❧♦❝❦ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✇❛②s t♦ ❝❤♦♦s❡ n− i ❡❧❡♠❡♥ts ❛♠♦♥❣
n+1 ❡❧❡♠❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ t❤r❡❡ Y1 ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t②♣❡ ♦❢ Y2
❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥
(
3
1
)
♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ♦♥❡ ❡❧❡♠❡♥t ♦✉t ♦❢ ❛ tr✐♣❧❡✱
✇❤✐❧❡ t❤❡ t❤r❡❡ Y0 ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥
(
3
2
)
♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣
t✇♦ ❡❧❡♠❡♥ts ♦✉t ♦❢ ❛ tr✐♣❧❡✳ ❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s✱ ❧❡t ✉s s❡t✿
p
3,1
2 (x
′′) , (✉♥✐t, π00(snd fstx
′′), (π20(sndx
′′), π21(sndx
′′)))
p
3,1
1 (x
′′) , (✉♥✐t, π00(snd fstx
′′), (π20(sndx
′′), π22(sndx
′′)))
p
3,1
0 (x
′′) , (✉♥✐t, π00(snd fstx
′′), (π21(sndx
′′), π22(sndx
′′)))
❍✉❣♦ ❍❡r❜❡❧✐♥ ✻
♠❡❛♥✐♥❣ t❤❛t ✇❡ r❡♠♦✈❡❞ ✶ ❡❧❡♠❡♥t r❡s♣❡❝t✐✈❡❧② ♥✉♠❜❡r❡❞ ✷✱ ✶ ❛♥❞ ✵ ♦✉t ♦❢ ❛ ❜❧♦❝❦ ♦❢
✸ ❡❧❡♠❡♥ts✳ ❲❡ ❝❛♥ t❤❡♥ ❛❜❜r❡✈✐❛t❡ t❤❡ ❜❧♦❝❦ ♦❢ Y1✬s ✐♥ Y2 ❛s
∧
i∈
(
3
1
) Y2(p3,1i (x))✳
❙✐♠✐❧❛r❧②✱ t❤❡ t❤r❡❡ Y0✬s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t②♣❡ Y2 ♦❢ tr✐❛♥❣❧❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
t✇♦ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❢❛❝❡ ♠❛♣s ✐♥ ❛ tr✐❛♥❣❧❡✳ ❚❤✐s s✉❣❣❡sts t♦ s❡t✿
p
3,2
12 (x) , (✉♥✐t, π
0
0(sndx))
p
3,2
02 (x) , (✉♥✐t, π
0
0(sndx))
p
3,2
01 (x) , (✉♥✐t, π
0
0(sndx))
♠❡❛♥✐♥❣ t❤❛t ✇❡ r❡♠♦✈❡❞ ✷ ❡❧❡♠❡♥ts r❡s♣❡❝t✐✈❡❧② ♥✉♠❜❡r❡❞ ✷ ❛♥❞ ✶✱ ✷ ❛♥❞ ✵✱ ❛♥❞ ✶ ❛♥❞
✵✳ ❲❡ ❝❛♥ t❤❡♥ ❛❜❜r❡✈✐❛t❡ t❤❡ ❜❧♦❝❦ ♦❢ Y0✬s ✐♥ Y2 ❛s
∧
i0i1∈
(
3
2
) Y1(p3,2i0i1(x))✳
❖✉r ♥❡①t st❡♣✱ ✉s✐♥❣ ♥❡✇ s✉❝❤ pq,pi0..ip−1 ❛❜❜r❡✈✐❛t✐♦♥s✱ ✐s t♦ r❡♣❤r❛s❡ t❤❡ ♥❡st❡❞ Σ✲t②♣❡s
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ Yn✬s ✐♥t♦ ❡❧❡♠❡♥t❛r② Σ✲t②♣❡s✿
F 0,0 , ❯♥✐t
Y−1 : F
0,0 → ❚②♣❡1
F 0,1 , ❯♥✐t
F 1,0(Y−1) , Σx : F
0,1.
∧
i∈
(
1
1
) Y−1(p1,1i (x))
Y0 : F
1,0(Y−1)→ ❚②♣❡1
F 0,2 , ❯♥✐t
F 1,1(Y−1) , Σx : F
0,2.
∧
i0i1∈
(
2
2
) Y−1(p2,2i0i1(x))
F 2,0(Y−1, Y0) , Σx : F
1,1(Y−1).
∧
i∈
(
2
1
) Y0(p2,1i (x))
Y1 : F
2,0(Y−1, Y0)→ ❚②♣❡1
F 0,3 , ❯♥✐t
F 1,2(Y−1) , Σx : F
0,3.
∧
i0i1i2∈
(
3
3
) Y−1(p3,3i0i1i2(x))
F 2,1(Y−1, Y0) , Σx : F
1,2(Y−1).
∧
i0i1∈
(
3
2
) Y0(p3,2i0i1(x))
F 3,0(Y−1, Y0, Y1) , Σx : F
2,1(Y−1, Y0).
∧
i∈
(
3
1
) Y1(p3,1i (x))
Y2 : F
3,0(Y−1, Y0, Y1)→ ❚②♣❡1
✳✳✳
✇❤✐❝❤ ❞✐r❡❝t❧② s✉❣❣❡sts t♦ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡ Fn,p(Y−1, Y0, ..., Yn−1) ♠✉t✉❛❧❧② ✇✐t❤ s♦♠❡
Σ✲t②♣❡✱ s❛② sstn✱ ♣❛❝❦✐♥❣ t❤❡ t②♣❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ Y0, ..., Yn−1 ✭s❡❡ ❙❡❝t✐♦♥ ✹✮✳
❊❛❝❤ Fn,p ✐s ❛ t②♣❡ ❢♦r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ ❧❡ss ♦r ❡q✉❛❧
t❤❛♥ n − 2 st❛rt✐♥❣ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ s✐♠♣❧❡① ♦❢ ❞✐♠❡♥s✐♦♥ n + p − 1✱ ✇❤❡r❡ 0 ✐s t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ ♣♦✐♥ts✱ 1 ♦❢ ❧✐♥❡s✱ ❡t❝✳ ❚❤❡ ♥❡①t ❞✐✣❝✉❧t② ✐s t♦ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧② ♦❢ pq,pi0..ip−1
✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ s❡❧❡❝t✱ ♦✉t ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ ❛t
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✼
♠♦st q − p − 2 ♦❢ ❛♥ ✐♥✐t✐❛❧ (q − 1)✲s❡♠✐✲s✐♠♣❧❡① z✱ t❤❡ s✉❜✲❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s✉❜✲s❡♠✐✲
s✐♠♣❧✐❝❡s ♦❢ t❤❡ (q − p− 1)✲s✉❜✲s❡♠✐✲s✐♠♣❧❡① ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢❛❝❡ ♠❛♣s dip−1 ✱
✳✳✳✱ di0 t♦ z✳ ❊❛❝❤ p
q,p
i0..ip−1
❤❛s t②♣❡ F q−p,p(Y−1, ..., Yq−p−2) → F
q−p,0(Y−1, ..., Yq−p−2)
❛♥❞ ♦✉r s♦❧✉t✐♦♥ ✐s t♦ ❞❡❝♦♠♣♦s❡ ❡❛❝❤ pq,pi0..ip−1 ✐♥t♦ ❡❧❡♠❡♥t❛r② ✜❧t❡r✐♥❣ ♦♣❡r❛t♦rs ♦❢ t②♣❡
Fn,p(Y−1, ..., Yn−2) → F
n,p−1(Y−1, ..., Yn−2)✱ ✇✐t❤ n ❜❡✐♥❣ q − p✱ ❡❛❝❤ ♦❢ t❤❡♠ s❡❧❡❝t✐♥❣
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜✲s✐♠♣❧✐❝❡s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ♦♥❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ n+ p ♣♦✐♥ts✳
❊❛❝❤ s✉❝❤ ❡❧❡♠❡♥t❛r② ✜❧t❡r✐♥❣ ♦♣❡r❛t♦r ❤❛s t♦ ❜❡ ❞❡♣❡♥❞❡♥t ♦✈❡r ❛♥ ✐♥❞❡① i ≤ n ✐♥✲
❞✐❝❛t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦✐♥t t♦ r❡♠♦✈❡✳ ❲❡ ✇r✐t❡ dn,pi ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② ✜❧t❡r✐♥❣
♦♣❡r❛t♦r t❤❛t ❡①tr❛❝ts✱ ♦✉t ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st
n − 2 ♦❢ ❛♥ ✐♥✐t✐❛❧ (n + p − 1)✲s✐♠♣❧❡① z✱ t❤❡ s✉❜✲❝♦❧❧❡❝t✐♦♥ ♦❢ t❤♦s❡ s❡♠✐✲s✐♠♣❧✐❝❡s t❤❛t
❛r❡ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ t❤❡ ❢❛❝❡ i ♦❢ z✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ pq,pi0..ip−1 t♦ ❜❡ d
n,0
i0
◦ ... ◦
d
n,p−1
ip−1
❛♥❞ ✜♥❛❧❧② t❛❦❡ Σx : Fn,p+1(Y−1, ..., Yn−1).
∧
i0...ip∈
(
n+ p+ 1
p+ 1
) Yn(dn,0i0 ...d
n,p
ip
(x))
❢♦r Fn+1,p(Y−1, ..., Yn)✳ ❋♦r ✐♥st❛♥❝❡✱ F
2,1(Y−1, Y0) ❝♦♥s✐sts ♦❢ tr✐♣❧❡s ♦❢ ♣♦✐♥ts s✉♣♣♦s❡❞
t♦ ❜❡ t❤❡ ♣♦✐♥ts ♦❢ ❛♥ ✐♥✐t✐❛❧ tr✐❛♥❣❧❡ ✭t♦❣❡t❤❡r ✇✐t❤ ❛ (−1)✲s✐♠♣❧❡① t❤❡② ❛❧❧ ❞❡♣❡♥❞
♦♥✮ ❛♥❞ d2,0i ❡①tr❛❝ts ❢r♦♠ ❡❛❝❤ tr✐♣❧❡ t❤❡ ♣❛✐r ♦❢ ❡♥❞ ♣♦✐♥ts ♦❢ s✐❞❡ i ♦❢ t❤❡ ✐♥✐t✐❛❧
tr✐❛♥❣❧❡ ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❛♠❡ (−1)✲s✐♠♣❧❡① t❤❡② ❛❧❧ ❞❡♣❡♥❞ ♦♥✮✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱
✐❢ u ✐s ❛ (−1)✲s✐♠♣❧❡① ❛♥❞ a✱ b ❛♥❞ c ♣♦✐♥ts ♦✈❡r u✱ ✐✳❡✳ ♣♦✐♥ts ✐♥ Y0(✉♥✐t, u)✱ t❤❡♥
((✉♥✐t, u), (a, b, c))) ∈ F 2,1(Y−1, Y0) ✐s ♠❛♣♣❡❞ t♦ ((✉♥✐t, u), (b, c))) ∈ F
2,0(Y−1, Y0) ❜②
d
2,0
0 ✱ t♦ ((✉♥✐t, u), (a, c))) ∈ F
2,0(Y−1, Y0) ❜② d
2,0
1 ❛♥❞ t♦ ((✉♥✐t, u), (a, b))) ∈ F
2,0(Y−1, Y0)
❜② d2,02 ✳
❚❤❡ q✉❡st✐♦♥ ✐s ♥♦✇ t♦ ❞❡✜♥❡ s✉❝❤ ❝♦♠❜✐♥❛t✐♦♥s✳
✸✳ ❈♦♠❜✐♥❛t✐♦♥s
▲❡t n ❜❡ ❣✐✈❡♥ ❛s ✇❡❧❧ ❛s ❛ ❢❛♠✐❧② ♦❢ t②♣❡s F p : ❚②♣❡1✱ ❛ ♣r❡❞✐❝❛t❡ Y : F
0 → ❚②♣❡1 ❛♥❞
❛ ❢❛♠✐❧② ♦❢ ♦♣❡r❛t♦rs dpi : F
p+1 → F p✱ ✇✐t❤ i ≤ n+ p ✐♥ dpi ✳ ▲❡t p ❛♥ ✐♥t❡❣❡r ❛♥❞ x : F
p✳
❲❡ ❝❛♥ ❞❡✜♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ p ❛ ❝♦♠❜✐♥❛t✐♦♥ t②♣❡∧
i0...ip−1∈
(
n+ p
p
)Y (d
0
i0
...d
p−1
ip−1
(x))
❞❡♥♦t✐♥❣ t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ Y ♦♥ d0i0 ..d
p−1
ip−1
(x)✱
♦✈❡r ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ i0..ip−1 s❛t✐s❢②✐♥❣ n ≥ i0 ≥ ... ≥ ip−1 ≥ 0 ✭t❤✐s ❧❛tt❡r ♦r❞❡r✐♥❣
✉♥✐q✉❡❧② ❝❤❛r❛❝t❡r✐③❡s ❝♦♠❜✐♥❛t✐♦♥s ❛♥❞ t❤✐s ✐s ✇❤❛t ✇❡ ❝❤♦s❡ ❢♦r t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ✐♥
❈♦q❀ t❤❡r❡ ✐s ❛♥♦t❤❡r ❝❛♥♦♥✐❝❛❧ ♦r❞❡r✐♥❣ ♦❜t❛✐♥❡❞ ❜② ❡①♣❡❝t✐♥❣ n+ p > ip−1 > ... > i0 ≥
0✱ ✇❤✐❝❤ ✐♥❝✐❞❡♥t❛❧❧② ✐s t❤❡ ❝❤♦✐❝❡ ✇❡ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ p3,2i0i1 ♦♥ ♣❛❣❡ ✻✮✳
▲❡t ✉s ♠❛❦❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t✱ ❢♦r ❛❧❧ k ≥ j✱ ✇❡ ❤❛✈❡ ♣r♦♦❢s dp
k≥j
♦❢ t❤❡
✐❞❡♥t✐t✐❡s dpk ◦ d
p+1
j = d
p
j ◦ d
p+1
k+1✳ ❚❤❡♥✱ ✇❡ ❝❛♥✱ ❢♦r ❡❛❝❤ i ≤ n + p ❛♥❞ x : F
p+1✱ ❞❡✜♥❡
❜② ✐♥❞✉❝t✐♦♥ ♦♥ p ❛ ✜❧t❡r✐♥❣ ♦♣❡r❛t♦r d
n,F,Y,d,d,p
i (x)✱ s❤♦rt❧② d
p
i ✱ ✇❤✐❝❤ ❡①tr❛❝ts✱ ♦✉t ♦❢
❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❤♦✐❝❡s ♦❢ p + 1 ❡❧❡♠❡♥ts ❛♠♦♥❣ n + p + 1✱ t❤♦s❡ ❝♦♠❜✐♥❛t✐♦♥s ✇❤✐❝❤
✐♥❝❧✉❞❡ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ it❤ ❡❧❡♠❡♥t✳ ❚❤❡r❡ ❛r❡
(
n+ p
n
)
s✉❝❤ ❝❤♦✐❝❡s ❛♥❞ i ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝❤♦s❡♥ ✜rst ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡✱ s♦ t❤❛t d
p
i ❝❛♥ ❜❡ ❣✐✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿
❍✉❣♦ ❍❡r❜❡❧✐♥ ✽
d
p
i :
∧
i0...ip∈
(
n+ p+ 1
p+ 1
)Y (d
0
i0
...d
p
ip
(x)) →
∧
i0...ip−1∈
(
n+ p
p
)Y (d
0
i0
...d
p−1
ip−1
(dpi (x)))
✳
❍♦✇❡✈❡r✱ ✐❢ i ❝❛♥ ❜❡ ❝❤♦s❡♥ ✜rst✱ ✐t ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t i ✇❛s ❡✛❡❝t✐✈❡❧② ❝❤♦s❡♥ ✜rst ✐♥
t❤❡ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡s ♦❢ i0 ≥ ... ≥ ip ✉s❡❞ ❢♦r ❡♥✉♠❡r❛t✐♥❣
(
n+ p+ 1
p+ 1
)
✳ ❲❤❡♥ i > ip✱
d
i−1≥ip
✐s ♥❡❡❞❡❞✱ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ i− 1✳
❇② dpi (d
p+1
k≥j
) ✇❡ ♠❡❛♥ t❤❡ ♣r♦♦❢ ♦❢ dpi ◦ d
p+1
k ◦ d
p+2
j = d
p
i ◦ d
p+1
j ◦ d
p+2
k+1 ♦❜t❛✐♥❡❞ ❜②
❛♣♣❧②✐♥❣ t❤❡ ❝♦♥❣r✉❡♥❝❡ ♦✈❡r dpi t♦ d
p+1
k≥j
✳ ❇② dp
k≥j
(dp+2i ) ✇❡ ♠❡❛♥ t❤❡ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢
dp
k≥j
t♦ dp+2i ✇❤✐❝❤ ✐s ❛ ♣r♦♦❢ ♦❢ d
p
k ◦ d
p+1
j ◦ d
p+2
i = d
p
j ◦ d
p+1
k+1 ◦ d
p+2
i ✳ ❚❤❡♥✱ ✇❡ ❛ss✉♠❡ ❢♦r
k ≥ j ≥ i t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❤❡r❡♥❝❡ ♣r♦♣❡rt② dp
k≥j≥i
♦❢ d ❤♦❧❞s✱ ✇❤❡r❡ · ❞❡♥♦t❡s t❤❡
❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡q✉❛❧✐t✐❡s ❜② tr❛♥s✐t✐✈✐t②✿
dp
k≥j≥i
: [dpk(d
p+1
j≥i
) · dp
k≥i
(dp+2j+1) · d
p
i (d
p+1
k+1≥j+1
) = dp
k≥j
(dp+2i ) · d
p
j (d
p+1
k+1≥i
) · dp
j≥i
(dp+2k+2)]
◆♦t❡ t❤❛t ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ♣r♦♦❢s ♦❢ dpk ◦d
p+1
j ◦d
p+2
i = d
p
i ◦d
p+1
j+1 ◦d
p+2
k+2✳ ■❢
❡q✉❛❧✐t② ✇❡r❡ ❛ str✐❝t ❡q✉❛❧✐t②✱ ✉♥✐q✉❡♥❡ss ♦❢ ❡q✉❛❧✐t② ♣r♦♦❢s ✇♦✉❧❞ ❤♦❧❞ ❛♥❞ t❤❡ ❛ss✉♠♣✲
t✐♦♥ ❛❜♦✈❡ ✇♦✉❧❞ ❞✐r❡❝t❧② ❤♦❧❞ ❜② ❞❡❢❛✉❧t✳ ❍♦✇❡✈❡r✱ ✐❢ ❡q✉❛❧✐t② ✐s t❛❦❡♥ t♦ ❜❡ r❡❧❡✈❛♥t✱ ❛s
✐t ✐s t❤❡ ❝❛s❡ ❡✳❣✳ ✐♥ ❤♦♠♦t♦♣② t②♣❡ t❤❡♦r② ✭❚❤❡ ❯♥✐✈❛❧❡♥t ❋♦✉♥❞❛t✐♦♥s Pr♦❣r❛♠✱ ✷✵✶✸✮✱
t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ ❛ ♣r✐♦r✐ ✐t ❤♦❧❞s✳ ❚❤✐s ✐s ✇❤② ✇❡ t❛❦❡ ✐t ❛s ❛♥ ❛ss✉♠♣t✐♦♥✳ ❯♥❞❡r t❤✐s
❛ss✉♠♣t✐♦♥✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ p ❛♥❞ ❝❛s❡ ❛♥❛❧②s✐s ♦♥ k✱ j ❛♥❞ ip ❛ ♣r♦♦❢
d
n,F,Y,d,d,d,p
k≥j (x)✱ s❤♦rt❧② d
p
k≥j ✱ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r x : F
p+2 ❛♥❞ k ≥ j✿
d
p
k≥j : [d
p
k ◦ d
p+1
j =dp
k≥j
d
p
j ◦ d
p+1
k+1]
✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ =dp
k≤j
♠❡❛♥s t❤❛t ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ♣♦✐♥t✇✐s❡ ✐♥ t❤❡
s❛♠❡ t②♣❡ ✉♣ t♦ tr❛♥s♣♦rt ❛❧♦♥❣ t❤❡ ❡q✉❛❧✐t② ♣r♦♦❢ dp
k≥j
✭♣♦✐♥t✇✐s❡ ❤❡r❡ ♠❡❛♥s ❢♦r ❡❛❝❤
y :
∧
i0...ip+1∈
(
n+ p+ 2
p+ 2
) Y (d0i0 ...dp+1ip+1(x)) t♦ ✇❤✐❝❤ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ❛♣♣❧✐❝❛❜❧❡✮✳
◆♦t❡ t❤❛t d
k−1≥j−1≥ip+1
✐s ♥❡❡❞❡❞ ✇❤❡♥ j > ip+1 s✐♥❝❡ t❤❡♥✱ ❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ dk✱
dj ❛♥❞ dk+1 r❡✈❡❛❧ ❛ ✉s❡ ♦❢ d✱ ✇❤✐❝❤✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛♥ ❡①tr❛ ✉s❡ ♦❢ d ❝♦♠✐♥❣ ❢r♦♠ t❤❡
✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ r❡q✉✐r❡s d✳
❚❤❡ ♣r♦❞✉❝ts ♦✈❡r ❝♦♠❜✐♥❛t✐♦♥ ❛❜♦✈❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t✉♣❧❡s✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t ✐❢
t❤❡s❡ ♣r♦❞✉❝ts ✇❡r❡ ❞❡✜♥❡❞ ❛s ❢✉♥❝t✐♦♥s✱ ❢✉♥❝t✐♦♥❛❧ ❡①t❡♥s✐♦♥❛❧✐t② ♦❢ ❡q✉❛❧✐t② ✇♦✉❧❞ ❜❡
♥❡❡❞❡❞ t♦ ❜✉✐❧❞ t❤❡ ♣r♦♦❢ d✳
✹✳ ❚❤❡ ✐♥✐t✐❛❧ s❡❣♠❡♥ts ♦❢ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ str✐❝t ❡q✉❛❧✐t②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ str✐❝t ❡q✉❛❧✐t② t♦ ❜❡ ❛ ❝♦♥♥❡❝t✐✈❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧♦❣✐❝❛❧
t❤❡♦r②✳ ❲❤❛t ❤❛♣♣❡♥s ✐❢ ♥♦ str✐❝t ❡q✉❛❧✐t② ✐s ❛✈❛✐❧❛❜❧❡ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✾
❲❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡✿
✖ t❤❡ s✐❣♥❛t✉r❡ sstn ♦❢ t❤❡ n ✜rst ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s
✭✐✳❡✳ ❢r♦♠ t❤❡ (−1)✲s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡ t♦ t❤❡ (n− 2)✲s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡✮❀
✖ t❤❡ ❢❛♠✐❧② ♦❢ s✐❣♥❛t✉r❡s Fn,0 ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ (n − 1)✲s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡✿
t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t②♣❡ ♦❢ ❛❧❧ str✐❝t s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ s✉❝❤ ❛ (n − 1)✲s❡♠✐✲
s✐♠♣❧✐❝✐❛❧ t②♣❡❀ ❡❛❝❤ ♦❢ Fn,0 ✐s ❞❡✜♥❡❞ ❢r♦♠ Fn,p ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t②♣❡ ♦❢
❛❧❧ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ ❧❡ss t❤❛♥ n− 2 ♦❢ ❛ (n+ p− 1)✲s❡♠✐✲s✐♠♣❧❡①❀
✖ t❤❡ ✏✜❧t❡r✲t❤r♦✉❣❤✲❢❛❝❡✑ dn,pi ❢r♦♠ F
n,p+1 t♦ Fn,p ✇❤✐❝❤ ❡①tr❛❝ts ❢r♦♠ t❤❡ ❝♦❧❧❡❝t✐♦♥
♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❛t ❞❡♣t❤ ❧❡ss t❤❛♥ n−2 ♦❢ s♦♠❡ r (n+p)✲s❡♠✐✲s✐♠♣❧❡① t❤❡
s✉❜✲❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❛t ❞❡♣t❤ ❧❡ss t❤❛♥ n− 2 ♦❢ t❤❡ (n+ p− 1)✲
s❡♠✐✲s✐♠♣❧❡① ✇❤✐❝❤ ✐s t❤❡ it❤✲❢❛❝❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s✐♠♣❧❡① ✭i r❛♥❣❡s ❢r♦♠ 0 t♦ n+ p✮❀
✖ ❛♥ ✐❞❡♥t✐t② ♦✈❡r ✜❧t❡rs✱ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❢❛❝❡ ✐❞❡♥t✐t②✱ ❛ss❡rt✐♥❣ dn,pk ◦ d
n,p+1
j =
d
n,p
j ◦ d
n,p+1
k+1 ❢♦r k ≥ j✳
❇❡❧♦✇✱ ✇❡ ❣❡♥❡r❛❧❧② ❧❡t i r❛♥❣❡ ♦✈❡r ✈❛❧✉❡s ❜❡❧♦✇ n+ p✳ ❲❡ s♦♠❡t✐♠❡s ♦♠✐t t❤❡ ❛r❣✉✲
♠❡♥t X ♦❢ d✱ d✳
sstn : ❚②♣❡2
sst0 , ❯♥✐t
sstn+1 , ΣX : sstn.(F
n,0(X)→ ❚②♣❡1)
Fn,p (X : sstn) : ❚②♣❡1
F 0,p ✉♥✐t , ❯♥✐t
Fn+1,p (X,Y ) , Σx : Fn,p+1(X).∧
i0...ip∈
(
n+ p+ 1
p+ 1
) Y (dn,0i0 ...d
n,p
ip
(x))
d
n,p
i (X : sstn)(x : F
n,p+1(X)) : Fn,p(X)
d
0,p
i ✉♥✐t ✉♥✐t , ✉♥✐t
d
n+1,p
i (X,Y ) (x, y) , (d
n,p+1
i (x), d
n,Fn,Y,dn,dn,p+1
i (x)(y))
dn,p
k≥j
(X : sstn)(x : F
n,p+2(X)) : dn,pk d
n,p+1
j (x) = d
n,p
j d
n,p+1
k+1 (x)
d0,p
k≥j
✉♥✐t ✉♥✐t : refl
dn+1,p
k≥j
(X,Y ) (x, y) : (dn,p+1
k≥j
(x), d
n,Fn,Y,dn,dn,dn,p+1
k≥j (x)(y))
✇❤❡r❡✱ ✐♥ t❤❡ ❧❛st ❧✐♥❡✱
dn : [dpk(d
p+1
j≥i
)(x) · dp
k≥i
(dp+2j+1)(x) · d
p
i (d
p+1
k+1≥j+1
)(x)
= dp
k≥j
(dp+2i )(x) · d
p
j (d
p+1
k+1≥i
)(x) · dp
j≥i
(dp+2k+2)(x)]
❝♦♠❡s ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ str✐❝t♥❡ss ♦❢ t❤❡ ❡q✉❛❧✐t②✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ❤❛s ❜❡❡♥ ❢✉❧❧② ❢♦r♠❛❧✐③❡❞ ✐♥ ❈♦q✱ ✉s✐♥❣ ❛♥ ❡q✉❛❧✐t② t❤❛t s❛t✐s✜❡s
✉♥✐q✉❡♥❡ss ♦❢ r❡✢❡①✐✈✐t② ♣r♦♦❢s✳ ❚❤❡ ❢❛❝❡s ✐❞❡♥t✐t✐❡s ❢♦r s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ n✱ i ❛♥❞ j ✇♦✉❧❞
❤♦❧❞ ❞❡✜♥✐t✐♦♥❛❧❧② ✐❢ ❈♦q ❤❛❞ s✉♣♣♦rt❡❞ ❛ ❞❡✜♥✐t✐♦♥❛❧ ❢♦r♠ ♦❢ ✉♥✐q✉❡♥❡ss ♦❢ r❡✢❡①✐✈✐t②
♣r♦♦❢s ✭❡✳❣✳ ❜② ♣r♦✈✐❞✐♥❣ ❙tr❡✐❝❤❡r✬s ❛①✐♦♠ ❑ ✇✐t❤ ✐ts r❡❞✉❝t✐♦♥ r✉❧❡✮✳
❍✉❣♦ ❍❡r❜❡❧✐♥ ✶✵
✺✳ ❚❤❡ ✐♥✐t✐❛❧ s❡❣♠❡♥ts ♦❢ ❛ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ str✐❝t ❡q✉❛❧✐t②
❲❡ ♥♦✇ ♣❧❛❝❡ ♦✉rs❡❧✈❡s ✐♥ ❛ ❝♦♥t❡①t ✇❤❡r❡ ❡q✉❛❧✐t② ✐s ♥♦t ♣r♦✈❛❜❧② str✐❝t✳ ❚❤❡♥✱ n ❡①tr❛
❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡❞ t♦ s✉♣♣♦rt t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛✉❣♠❡♥t❡❞ s❡♠✐✲
s✐♠♣❧✐❝✐❛❧ t②♣❡s ✇✐t❤ t②♣❡s ❛t ❤✲❧❡✈❡❧ n+ 2✳
❚❤❡ ❝♦♥str✉❝t✐♦♥ ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✹ ✇♦r❦s ❞✐r❡❝t❧② ❢♦r t②♣❡s ❛t ❤✲❧❡✈❡❧ ✷✱ s✐♥❝❡ t❤❡♥✱
❡q✉❛❧✐t② ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ♦❢ s✉❝❤ t②♣❡s ✐s str✐❝t✳
❚♦ ❝♦♥str✉❝t ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✇✐t❤ t②♣❡s ❛t ❤✲❧❡✈❡❧ 3✱ ✇❡ ♥❡❡❞ t♦
♣r♦✈❡ ❛♥ ❡①tr❛ ❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✱ ❛♥❞ ❢♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❛ss✉♠❡ ❣✐✈❡♥ ❛ ♣r♦♦❢
d
n,F,Y,d,d,d,p
k≥j≥i ✱ s❤♦rt❧② d
p
k≥j≥i✱ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❤❡r❡♥❝❡ ♣r♦♣❡rt② ♦✈❡r ❝♦♠❜✐♥❛t✐♦♥s✿
d
p
k≥j≥i : [d
p
k(d
p+1
j≥i )·d
p
k≥i(d
p+2
j+1)·d
p
i (d
p+1
k+1≥j+1) =dp
k≥j≥i
d
p
k≥j(d
p+2
i )·d
p
j (d
p+1
k+1≥i)·d
p
j≥i(d
p+2
k+2)]
✇❤❡r❡ t❤❡ d
p
i (d
p+1
k≥j) ❛r❡ ♣r♦♦❢s ♦❢ d
p
i ◦d
p+1
k ◦d
p+2
j =dpi (dp+1k≥j)
d
p
i ◦d
p+1
j ◦d
p+2
k+1 ❛♥❞ t❤❡ d
p+1
k≥j(d
p
i )
❛r❡ ♣r♦♦❢s ♦❢ d
p
k ◦ d
p+1
j ◦ d
p+2
i =dp
k≥j
(dp+2
i
) d
p
j ◦ d
p+1
k+1 ◦ d
p+2
i ✳ ◆♦t❡ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s
t❤❡♥ ❛ ♣r♦♦❢ ♦❢
d
p
k ◦ d
p+1
j ◦ d
p+2
i =dp
k
(dp+1
j≥i
)·dp
k≥i
(dp+2
j+1
)·dp
i
(dp+1
k+1≥j+1
) d
p
i ◦ d
p+1
j+1 ◦ d
p+2
k+2
✇❤✐❧❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛ ♣r♦♦❢ ♦❢
d
p
k ◦ d
p+1
j ◦ d
p+2
i =dp
k≥j
(dp+2
i
)·dp
j
(dp+1
k+1≥i
) ·dp
j≥i
(dp+2
k+2
) d
p
i ◦ d
p+1
j+1 ◦ d
p+2
k+2
s♦ t❤❛t t❤❡ ❡q✉❛❧✐t② ✐s ❝♦rr❡❝t ♦♥❧② ✉♣ t♦ ♣♦✐♥t✇✐s❡ tr❛♥s♣♦rt ❛❧♦♥❣ dp
k≥j≥i
✳
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❛t ❤✲❧❡✈❡❧ ✸
❜② ✐♥❞✉❝t✐✈❡❧② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①tr❛ ♣r♦♣❡rt② ♠✉t✉❛❧❧② ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ sstn✱
Fn,p✱ dn,pi ❛♥❞ d
n,p
k≥j
✿
dn,p
k≥j≥i
(X : sstn)(x : F
n,p+3(X)) :
d
p
k(d
p+1
j≥i
)(x) · dp
k≥i
(dp+2j+1)(x) · d
p
i (d
p+1
k+1≥j+1
)(x)
=
dp
k≥j
(dp+2i )(x) · d
p
j (d
p+1
k+1≥i
)(x) · dp
j≥i
(dp+2k+2)(x)
d0,p
k≥j≥i
✉♥✐t ✉♥✐t : refl
dn+1,p
k≥j≥i
(X,Y ) (x, y) : (dn,p+1
k≥j≥i
(x), d
n,Fn,Y,dn,dn,dn,p+1
k≥j≥i (x)(y))
❲❡ s✉s♣❡❝t t❤❛t t❤❡ ♣r♦♦❢ ♦❢ d r❡q✉✐r❡s t♦ ♣r♦✈❡ ❛ ❝♦❤❡r❡♥❝❡ ❞✐❛❣r❛♠ ✐♥✈♦❧✈✐♥❣ t❤❡
❝♦♠♠✉t❛t✐♦♥ ♦❢ d✳ ❲✐t❤ t②♣❡s ❛t ❤✲❧❡✈❡❧ ✸✱ t❤✐s ❡①tr❛ ❝♦❤❡r❡♥❝❡ ❞✐❛❣r❛♠ ✇♦✉❧❞ ❤♦❧❞ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ ❤✲❧❡✈❡❧ ✸✳
❲❡ s✉s♣❡❝t t❤❛t n s✉❝❤ ♥❡✇ ❡①tr❛ ❝♦❤❡r❡♥❝❡ ❞✐❛❣r❛♠s ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡❞ ❡❛❝❤ t✐♠❡
✇❡ ✇❛♥t t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❝❛❜❧❡ t♦ t②♣❡s ♦❢ ❤✲❧❡✈❡❧ n+ 2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣
♥♦♥✲str✐❝t ❡q✉❛❧✐t②✱ t❤❡ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s ❝❛♥♥♦t ❜❡ ❞♦♥❡ ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ t②♣❡s ✇❤♦s❡ ❤✲❧❡✈❡❧s ❛r❡ ♥♦t ❜♦✉♥❞❡❞✳
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✶✶
✻✳ ❊①❛♠♣❧❡s
✻✳✶✳ ❙t❛♥❞❛r❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s
■♥ t❤❡ st❛♥❞❛r❞ ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡ ∆[m]✱ t❤❡ t②♣❡ ♦❢ (−1)✲s✐♠♣❧✐❝❡s ✐s
❡♠♣t② ❛♥❞ t❤❡ t②♣❡ ♦❢ 0✲s✐♠♣❧✐❝❡s ✭♣♦✐♥ts✮ ✐s t❤❡ ✐♥t❡r✈❛❧ [0,m]✳ ❚❤❡♥✱ t❤❡ s❡t ♦❢ n✲
s✐♠♣❧✐❝❡s ♦✈❡r n+ 1 ♦r❞❡r❡❞ ♣♦✐♥ts ❝♦♥t❛✐♥s ❛ ✭✉♥✐q✉❡✮ s✐♠♣❧❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣♦✐♥ts
✐t ✐s ❜❛s❡❞ ♦♥ ❛r❡ ♦r❞❡r❡❞ ❛❧♦♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r✳
❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ✐♥✐t✐❛❧ s❡❣♠❡♥ts ♦❢ t❤❡ st❛♥❞❛r❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡ ∆[m]
♠✉t✉❛❧❧② ✇✐t❤ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s ❛s ❢♦❧❧♦✇s✿
∆[m](n) : sstn
∆[m](0) , ✉♥✐t
∆[m](1) , (✉♥✐t, λ✉♥✐t.❯♥✐t)
∆[m](2) , ((✉♥✐t, λ✉♥✐t.❯♥✐t), λx.[0,m])
∆[m](n+ 3) , (∆[m](n+ 2), λx.mklinn+2(x))
mklinn (x : Fn,0(∆[m](n))) : ❚②♣❡1
mklin0 x , ❯♥✐t
mklin1 x , ❯♥✐t
mklin2 (x, y) , d
1,0
1 (y) < d
1,0
0 (y)
mklinn+3 (x, y) , mkltn+2 (dn+2,01 (x)) (d
n+2,0
0 (x))
∧ mklinn+2 (dn+2,00 (x))
mkltn
(x1 : F
n,0(∆[m](n)))
(x2 : F
n,0(∆[m](n)))
: ❚②♣❡1
mklt0 x1 x2 , ❯♥✐t
mklt1 x1 x2 , ❯♥✐t
mklt2 (x1, y1) (x2, y2) , d
1,0
1 (y1) < d
1,0
1 (y2)
mkltn+3 (x1, y1) (x2, y2) , mklt
n+2 (dn+2,01 (x1))(d
n+2,0
1 (x2))
❙♦♠❡ n✲s✐♠♣❧❡① ❜❡✐♥❣ ❣✐✈❡♥✱ t❤❡ ♣♦✐♥ts t❤❡ n✲s✐♠♣❧❡① ✐s ❝♦♠♣♦s❡❞ ♦❢ ❝❛♥ ❜❡ r❡tr✐❡✈❡❞
❜② ❛♣♣❧②✐♥❣ ❡❛❝❤ ♦❢ t❤❡ n + 1 ✐t❡r❛t❡❞ ❢❛❝❡s ♦❢ t❤❡ ❢♦r♠ d11 ◦ ... ◦ d
i
1 ◦ d
i+1
0 ◦ ... ◦ d
n
0 ✱
✇❤❡r❡ i r❛♥❣❡s ❜❡t✇❡❡♥ 0 ❛♥❞ n✳ ❚❤✐s tr❛♥s❧❛t❡s ♦✈❡r t❤❡ ❝♦❧❧❡❝t✐♦♥ x ♦❢ s✉❜s✐♠♣❧✐❝❡s ♦❢
s♦♠❡ n✲s✐♠♣❧❡① ❛s s✐♠✐❧❛r ❝♦♠♣♦s✐t✐♦♥s ♦❢ d✱ ❡♥❞✐♥❣ ✇✐t❤ d✳ ❈❛❧❧✐♥❣ t❤✐s ❢✉♥❝t✐♦♥ φi✱ t❤❡
♣✉r♣♦s❡ ♦❢ mklin ✐s t♦ ❜✉✐❧❞ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts φi+1(x) < φi(x)✳ ❚❤❡ ❢✉♥❝t✐♦♥
mklt ❝♦♠❡s ❛s ❛ ❤❡❧♣❡r✳ ❋♦r d0(x) ❛♥❞ d1(x) ♣r♦❞✉❝❡❞ ❜② mklin✱ mklt r❡❝✉rs✐✈❡❧② ❛♣♣❧✐❡s
d1 t♦ t❤❡♠✱ ❡♥❞✐♥❣ ✇✐t❤ d1✱ ❡✈❡♥t✉❛❧❧② ♣r♦❞✉❝✐♥❣ ❛ ♣♦✐♥t✳
■♥ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ✐♥❡q✉❛❧✐t✐❡s ♥❡❡❞ t♦ ❜❡ ♣r♦♦❢✲✐rr❡❧❡✈❛♥t✳ ❚❤✐s ❝❛♥
❡❛s✐❧② ❜❡ ❞♦♥❡ ❜② ❞❡✜♥✐♥❣ < ❜② ❝❛s❡s s♦ t❤❛t ✐t r❡t✉r♥s ❡✐t❤❡r ❯♥✐t ♦r t❤❡ ❡♠♣t② t②♣❡✱
❊♠♣t②✳
❍✉❣♦ ❍❡r❜❡❧✐♥ ✶✷
✻✳✷✳ Pr♦❞✉❝t
❲❡ ❝♦♥s✐❞❡r ❤♦✇ t♦ ❜✉✐❧❞ t❤❡ ♣r♦❞✉❝t ♦❢ ✐♥✐t✐❛❧ s❡❣♠❡♥ts ♦❢ ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s✳ ❚♦ ❞❡✜♥❡ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ s♦♠❡ ❡q✉❛❧✐t✐❡s
r❡❧❛t✐♥❣ t❤❡ d✬s ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥s✳ ❋♦r X1 ❛♥❞ X2 ♦❢ t②♣❡ sstn✱ ✇❡ ❞❡✜♥❡ X1 ×X2 ♦❢
t②♣❡ sstn ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n ❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡ ✇❡ s♦♠❡t✐♠❡s ♦♠✐t t❤❡ ❛r❣✉♠❡♥ts X1 ❛♥❞
X2✿
(X1 ×X2)n : sstn
(✉♥✐t× ✉♥✐t)0 , ✉♥✐t
((X1, Y1)× (X2, Y2))n+1 , ((X1 ×X2)n, λx : F
n,0((X1 ×X2)n).∧{ Y1(projn,01 (X1, X2)(x))
Y2(proj
n,0
2 (X1, X2)(x))
}
proj
n,p
1
(X1 : sstn) (X2 : sstn)
(x : Fn,p((X1 ×X2)n))
: Fn,p(X1)
proj
0,p
1 ✉♥✐t ✉♥✐t ✉♥✐t , ✉♥✐t
proj
n+1,p
1 (X1, Y1) (X2, Y2) (x, y) ,
(projn,p+11 (x),
mapn,p(projn1 , λx.π1, h
n
1 )(x)(y))
proj
n,p
2
(X1 : sstn) (X2 : sstn)
(x : Fn,p((X1 ×X2)n))
: Fn,p(X2)
proj
0,p
2 ✉♥✐t ✉♥✐t ✉♥✐t , ✉♥✐t
proj
n+1,p
2 (X1, Y1) (X2, Y2) (x, y) ,
(projn,p+12 (x),
mapn,p(projn2 , λx.π2, h
n
2 )(x)(y))
h
n,p
1,i
(X1 : sstn) (X2 : sstn)
(x : Fn,p+1((X1 ×X2)n))
:
proj
n,p
1 (d
n,p
i ((X1 ×X2)n)(x))
= dn,pi (X1)(proj
n,p+1
1 (x))
h
0,p
1,i ✉♥✐t ✉♥✐t ✉♥✐t : refl
h
n+1,p
1,i (X1, Y1) (X2, Y2) (x, y) : (h
n,p+1
1,i (x), h
n,p
1,i (proj
n,0
1 , λx.π1)(x)(y))
h
n,p
2,i
(X1 : sstn) (X2 : sstn)
(x : Fn,p+1((X1 ×X2)n))
:
proj
n,p
2 (d
n,p
i ((X1 ×X2)n)(x))
= dn,pi (X2)(proj
n,p+1
2 (x))
h
0,p
2,i ✉♥✐t ✉♥✐t ✉♥✐t : refl
h
n+1,p
2,i (X1, Y1) (X2, Y2) (x, y) : (h
n,p+1
2,i (x), h
n,p
2,i (proj
n,0
2 , λx.π2)(x)(y))
✇❤❡r❡ mapn,F,G,Y,Z,d,e(f, g, h)✱ s❤♦rt❧② map(f, g, h)✱ ✐s ❞❡✜♥❡❞ ❢♦r n✱ F p : ❚②♣❡✱ Gp : ❚②♣❡✱
Y : F 0 → ❚②♣❡✱ Z : G0 → ❚②♣❡✱ dpi : F
p+1 → F p✱ epi : G
p+1 → Gp✱ fp : F p → Gp✱
g : Πx : F 0. Y (x) → Z(f0(x)) ❛♥❞ hpi : Πx : F
p+1. fp(dpi (x)) = e
p
i (f
p+1(x))✳ ❋♦r p ❜❡✐♥❣
❣✐✈❡♥ ❛♥❞ x ♦❢ t②♣❡ F p+1✱ ✐t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿
mapn,p(f, g, h)(x) :
∧
i0...ip∈
(
n+ p+ 1
p+ 1
) Y (dn,0i0 ...d
n,p
ip
(x))
→
∧
i0...ip∈
(
n+ p+ 1
p+ 1
) Z(en,0i0 ...e
n,p
ip
(fp(x)))
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✶✸
❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt②✿
h
p
i (f, g)(x)(y) : map
n,p(f, g, h)(dpi (x))(d
p
i (x)(y))
=hp+1(i)(x) e
p
i (e
p
i (f
p(x)))(mapn,p(f, g, h)(x)(y))
❚❤✐s ❧❛tt❡r ♣r♦♣❡rt② ✐s ♣r♦✈❛❜❧❡ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥✿
fp(dp
ik
) · hpi (d
p+1
k+1) · e
p
i (h
p+1
k+1) = h
p
k(di) · e
p
k(h
p+1
i ) · bik(f
p)
❚❤✐s ❧❛tt❡r ♣r♦♣❡rt② ❤♦❧❞s ✐❢ ❡q✉❛❧✐t② ✐s t❛❦❡♥ t♦ ❜❡ str✐❝t✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ❡①♣❡❝t❡❞ t♦
❜❡ ♣r♦✈❛❜❧❡ ❜② r❡❝✉rs✐✈❡❧② r❡❧②✐♥❣ ♦♥ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥ ❡q✉❛❧✐t✐❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ✇❤♦s❡
❜❡✐♥❣ ❜♦✉♥❞❡❞ ❜② n ❛♥❞ ❜② t❤❡ ❤✲❧❡✈❡❧s ♦❢ Y ❛♥❞ Z✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t s❡❡ ❤♦✇
t❤✐s ♣r♦♣❡rt② ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ✉♥✐❢♦r♠❧② ❛t ❛❧❧ n ✇✐t❤♦✉t ❤❛✈✐♥❣ ❛ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦♥ t❤❡
❤✲❧❡✈❡❧s ♦❢ Y ❛♥❞ Z ❛❧❧ ♦✈❡r t❤❡ ❝♦♥str✉❝t✐♦♥✳
✻✳✸✳ ❊①♣♦♥❡♥t✐❛❧
❲❡ s❦❡t❝❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ XX12 ♦❢ t❤❡ ✜♥✐t❡ ♣❛rts X1, X2 : sstn ♦❢
t✇♦ ✭❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s✳ ■♥t❡r❡st✐♥❣❧②✱ ❜❡❝❛✉s❡ t❤❡ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❝❛rr✐❡s str❛✐❣❤t❛✇❛② t❤❡ ✇❤♦❧❡ str✉❝t✉r❡ ♦❢ s✉❜✲s❡♠✐✲
s✐♠♣❧✐❝❡s ♦❢ ❛ s❡♠✐✲s✐♠♣❧❡①✱ t❤✐s str✉❝t✉r❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ❡①♣❧✐❝✐t❧② ❛❞❞❡❞ ❛s ✐t ✐s
t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ♣r❡s❤❡❛❢ ❞❡✜♥✐t✐♦♥✳
(XX12 )n : sstn
(✉♥✐t✉♥✐t)0 , ✉♥✐t
((X2, Y2)
(X1,Y1))n+1 , ((X
X1
2 )n, λf : F
n,0((XX12 )n). Πx : F
n,0(X1).
Y1(x)→ Y2(apply
n,0 f x))
applyn,p
(X1 : sstn) (X2 : sstn)
(f : Fn,p((XX12 )n))
(x : Fn,p(X1))
: Fn,p(X2)
apply0,p ✉♥✐t ✉♥✐t ✉♥✐t ✉♥✐t , ✉♥✐t
applyn+1,p (X1, Y1) (X2, Y2) (f, g) (x, y) , (apply
n,p+1 f x, apply
n,p
f g x y)
applyn,p
i
(X1 : sstn) (X2 : sstn)
(f : Fn,p+1((XX12 )n))
(x : Fn,p+1(X1))
:
applyn,p (dn,pi (f)) (d
n,p
i (x))
= dn,pi (apply
n,p+1 f x)
apply0,p ✉♥✐t ✉♥✐t ✉♥✐t ✉♥✐t , refl
applyn+1,p (X1, Y1) (X2, Y2) (f, g) (x, y) , (apply
n,p+1 f x, apply
n,p
f g x y)
❍✉❣♦ ❍❡r❜❡❧✐♥ ✶✹
✇❤❡r❡✱ ❢♦r
f : Fn,p+1((XX12 )n
g :
∧
i0...ip∈
(
n+ p+ 1
p+ 1
)Πx : Fn,0(X1).Y1(x)→ Y2(applyn,0 (dn,0i0 ...d
n,p
ip
(f)) x))
x : Fn,p(X1)
y :
∧
i0...ip∈
(
n+ p+ 1
p+ 1
) Y1(dn,0i0 ...d
n,p
ip
(x))
✇❡ ❞❡✜♥❡
apply
n,p
(f, g, x, y) :
∧
i0...ip∈
(
n+ p+ 1
p+ 1
)Y2(d
n,0
i0
...d
n,p
ip
(x))
✇❤❛t r❡q✉✐r❡s t❤❡ ❛✉①✐❧✐❛r② r❡s✉❧t apply t❤❛t apply ❝♦♠♠✉t❡s ✇✐t❤ d✱ ✇❤✐❝❤ ✐ts❡❧❢ r❡q✉✐r❡s
❛ ♣r♦♦❢ apply t❤❛t apply ❝♦♠♠✉t❡s ✇✐t❤ d✳
✼✳ ❋✉❧❧ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s
❋r♦♠ t❤❡ ✐♥✐t✐❛❧ s❡❣♠❡♥ts ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❛✉❣♠❡♥t❡❞ s❡♠✐✲
s✐♠♣❧✐❝✐❛❧ t②♣❡✱ ✐t ✐s ❡❛s② t♦ ❜✉✐❧❞ ❛ ❢✉❧❧ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡✳ ❚❤✐s ❝❛♥ ❜❡
❞❡✜♥❡❞ ❛s
SST , SST0(✉♥✐t)
✇❤❡r❡ SSTn(X) : ❚②♣❡1 ❢♦r X : sstn ✐s ❞❡✜♥❡❞ ❝♦✐♥❞✉❝t✐✈❡❧② ✐♥ t②♣❡ t❤❡♦r② ❛s ✏t❤❡
tr❛✐❧✐♥❣ s❡q✉❡♥❝❡ ♦❢ Xp ❢♦r p ≥ n ✇✐t❤ ✐♥✐t✐❛❧ ♣r❡✜① X✑✳ ❚❤❡ ❝♦✐♥❞✉❝t✐✈❡ t②♣❡ SSTn(X)
✐s ❞❡✜♥❡❞ ❜② ✐ts ❞❡str✉❝t♦rs✿
S : SSTn(X)
thisS : Fn,0(X)→ ❚②♣❡1
S : SSTn(X)
nextS : SSTn+1(X, thisS)
■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ S ✐s ❛♥ ❛✉❣♠❡♥t❡❞ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡✱ t❤❡♥✱ ✐ts ✉♥❞❡r❧②✐♥❣ p✲s❡♠✐✲
s✐♠♣❧✐❝✐❛❧ t②♣❡ nextp ❛♥❞ ✐ts ✉♥❞❡r❧②✐♥❣ p✲✐♥✐t✐❛❧ ♣r❡✜① thisp S ❛r❡ ❣✐✈❡♥ ❜② ✐t❡r❛t✐♥❣
nextfrom ✇❤❡r❡✱ ❛ss✉♠✐♥❣ X t♦ ❜❡ ❛♥ ✐♥✐t✐❛❧ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ ♣r❡✜① ♦❢ t②♣❡ sstn✱ t❤❡
♦♣❡r❛t♦r nextfrom(X,S) , ((X, thisS), (nextS)) ❡①t❡♥❞s t❤❡ n✲t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ S :
SST ✐♥t♦ (X,S) ✇✐t❤ X : sstn ❛♥❞ S : SSTn(X) t♦ ✐ts n+ 1✲t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ s♦♠❡
(X ′, S′) ✇✐t❤ X ′ : sstn+1 ❛♥❞ S
′ : SSTn+1(X
′)✿
nextn S : sstn
, fst (nextfromn (✉♥✐t, S))
thisn S : F
n,0(nextn S)→ ❚②♣❡1
, this (snd (nextfromn (✉♥✐t, S)))
❚❤❡ t♦t❛❧ s♣❛❝❡ ♦❢ ❡❛❝❤ thisnS ✭✇❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t②♣❡ Xn−1 ♦❢ (n − 1)✲s❡♠✐✲
s✐♠♣❧✐❝❡s ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✮ ✐s✿
Tn(S) , Σx : F
n,0(nextn(S)).thisn(S)(x) .
❆ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ✶✺
■ts ❢❛❝❡s dni ✱ ❢r♦♠ Tn+1(S) t♦ Tn(S)✱ ❛r❡ ❞❡✜♥❡❞ ❜②✿
dni ((x, y), z) , (d
n,0
i (x), d
n,0
i (x)(y)) .
❚❤❡② ❝♦♠♠✉t❡ t❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s d ❛♥❞ d✳
❘❡♠❛r❦s✿ ❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❝♦✐♥❞✉❝t✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ SST✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❝♦♥✲
s✐❞❡r t❤❡ ❞✐r❡❝t❡❞ ❢❛♠✐❧✐❡s ♦❢ Xn : sstn✱ ✐✳❡✳ t❤❡ ❢❛♠✐❧✐❡s (Xn)n∈N s✉❝❤ t❤❛t fstXn+1 =
Xn✳ ❆❧s♦✱ t❤❡ t②♣❡ ♦❢ ✭♥♦♥ ❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ t♦ ❜❡
SST1(✉♥✐t, λ✉♥✐t.❯♥✐t)✳
✽✳ ❱♦❡✈♦❞s❦②✬s ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s
❱♦❡✈♦❞s❦② st❛rt❡❞ ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❞❡♣❡♥❞❡♥t❧②✲t②♣❡❞ ✭♥♦♥ ❛✉❣♠❡♥t❡❞✮ s❡♠✐✲s✐♠♣❧✐❝✐❛❧
t②♣❡s ✐♥ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ✭❱♦❡✈♦❞s❦②✱ ✷✵✶✷❛✮✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r t♦ ♦✉rs✳ ❯s✐♥❣
♦✉r ♥♦t❛t✐♦♥s✱ ✐t st❛rts ❛s ❢♦❧❧♦✇s§ ✇❤❡r❡ [j] →֒ [k] ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥❥❡❝t✐♦♥s ❢r♦♠ t❤❡
✐♥t❡r✈❛❧ [j] ♦❢ t❤❡ ✜rst j + 1 ♥❛t✉r❛❧ ♥✉♠❜❡rs t♦ t❤❡ [k] s✉❝❤ ✐♥t❡r✈❛❧✿
sstn : ❚②♣❡2
sst0 , ❚②♣❡1
sstn+1 , ΣX : sstn.F
n,n+1(X)→ ❚②♣❡1
Fn,j (X : sstn) : ❚②♣❡1
F 0,j X , [j]→ X
Fn+1,j (X,Y ) , Σx : Fn,j(X).Πs ∈ ([n+ 1] →֒ [j]).Y (dn,n+1,js (x))
d
n,j,k
s:[j]→֒[k] (X :sstn) (x :F
n,k(X)) : Fn,j(X)
d0,j,ks X x , x ◦ s
dn+1,j,ks (X,Y ) (x, y) , (d
n,j,k
s (X)(x), λs
′ ∈ ([n+ 1] →֒ [j]).y(s ◦ s′))
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ dn,n+1,ks◦s′ (x) = d
n,n+1,j
s′ (d
n,j,k
s (x)) t♦ ❥✉st✐❢② t❤❡ ❧❛st ❧✐♥❡ ♦❢ t❤❡
❞❡✜♥✐t✐♦♥✳ ❚❤✐s ✐s s✉s♣❡❝t❡❞ t♦ ❤♦❧❞ ❜② ❱♦❡✈♦❞s❦② ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ t②♣❡
t❤❡♦r② s✉♣♣♦rts s♦♠❡ ❡①t❡♥s✐♦♥❛❧ ❢♦r♠ ♦❢ ✏❞❡✜♥✐t✐♦♥❛❧ ❡q✉❛❧✐t②✑✳ ❚❤✐s ❜❛s✐❝❛❧❧② r❡❞✉❝❡s
t♦ s✉♣♣♦rt✐♥❣ ✭❝♦♠♣✉t❛❜❧❡✮ str✐❝t ❡q✉❛❧✐t②✱ ❛♥❞✱ ✐♥❞❡❡❞✱ ❜❛s❡❞ ♦♥ ♦✉r ✇♦r❦✱ ❡✈❡r②t❤✐♥❣
s✉❣❣❡sts t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❤♦❧❞s ✇❤❡♥ st❛t❡❞ ✉s✐♥❣ str✐❝t ❡q✉❛❧✐t②✳
❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❱♦❡✈♦❞s❦②✬s ❝♦♥str✉❝t✐♦♥ ❛♥❞ ♦✉rs r❡✢❡❝ts ❞✐✛❡r❡♥t ✈✐❡✇s ♦✈❡r
t❤❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡ ♦❢ ❢❛❝❡ ♠❛♣s✳
❱♦❡✈♦❞s❦②✬s ❝♦♥str✉❝t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡ ♦❢ ❢❛❝❡ ♠❛♣s✱ ♥❛♠❡❧② ♦♥
❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛ss♦❝✐❛t✐✈✐t② ♦❢ ❝♦♠♣♦s✐t✐♦♥✳ ❈♦♥tr❛st✐♥❣❧②✱ ♦✉r ❝♦♥str✉❝t✐♦♥ r❡❧✐❡s ♦♥
t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡♠✱ ♥❛♠❡❧② t❤❡✐r ❢❛❝t♦r✐③❛t✐♦♥ ✐♥t♦ ❛t♦♠✐❝ ❢❛❝❡s ✉♣ t♦
❢❛❝❡ ✐❞❡♥t✐t✐❡s✳
§ ❲❡ s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥✿ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❈♦q ✜❧❡✱ ❜♦t❤ F ✱ ❝❛❧❧❡❞ sks✱ ❛♥❞ d✱ ❝❛❧❧❡❞
restr✱ ❤❛❞ ❛♥ ❡①tr❛ ❛r❣✉♠❡♥t i ≤ n✱ r❡♠✐♥✐s❝❡♥t ♦❢ s♦♠❡ ♣♦ss✐❜❧❡ ♥❡❡❞ ❢♦r ✇❡❧❧✲❢♦✉♥❞❡❞ ✐♥❞✉❝t✐♦♥
❜✉t ✇❤✐❝❤ ❤❛♣♣❡♥❡❞ ♥♦t t♦ ❜❡ ✉s❡❞ ✭✐✳❡✳ i ♦♥❧② ♥❡❡❞s t♦ ❜❡ n ✐♥ ♣r❛❝t✐❝❡✮✳ ❲❡ ❞r♦♣♣❡❞ t❤✐s ❛r❣✉♠❡♥t✳
❍✉❣♦ ❍❡r❜❡❧✐♥ ✶✻
■♥ ❱♦❡✈♦❞s❦②✬s ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❢❛❝❡ ✐❞❡♥t✐t✐❡s ❛r❡ ♣r♦✈❡❞ ✇✐t❤✐♥ t❤❡ ✭s②♥t❛❝t✐❝✮ ❝❛t✲
❡❣♦r② ♦❢ ❢❛❝❡s ❛s ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❛ss♦❝✐❛t✐✈✐t② ♦❢ ❝♦♠♣♦s✐t✐♦♥✳ ■♥ ♦✉r ❝♦♥str✉❝t✐♦♥✱
❛ss♦❝✐❛t✐✈✐t② ♦❢ ❢❛❝❡s ❝♦♠❡s ❢♦r ❢r❡❡ ❜✉t t❤❡ ♣r♦♦❢s ♦❢ ❢❛❝❡ ✐❞❡♥t✐t✐❡s s✉r❢❛❝❡s ✇✐t❤✐♥ t❤❡
✭s❡♠❛♥t✐❝❛❧✮ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s✳
❚❤❡r❡ ✐s ❛ s❡❝♦♥❞❛r② ♦rt❤♦❣♦♥❛❧ ✐ss✉❡✳ ❲❤❡♥ t❤❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ j✲s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ❛r❡
r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❛ Π✲t②♣❡✱ ❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Fn+1,j ❛❜♦✈❡✱ ❢✉♥❝t✐♦♥❛❧ ❡①t❡♥s✐♦♥❛❧✐t②
✐s ♥❡❡❞❡❞✱ ❤❡r❡ t♦ ♣r♦✈❡ dn,n+1,ks◦s′ (x) = d
n,n+1,j
s′ (d
n,j,k
s (x))✳ ❈♦♥tr❛st✐♥❣❧②✱ ❢✉♥❝t✐♦♥❛❧ ❡①✲
t❡♥s✐♦♥❛❧✐t② ♦❢ ❡q✉❛❧✐t② ✐s ♥♦t ♥❡❡❞❡❞ ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ s✉❜✲s❡♠✐✲s✐♠♣❧✐❝❡s ♦❢ s♦♠❡
❞✐♠❡♥s✐♦♥ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t✉♣❧❡s✳
❘❡❢❡r❡♥❝❡s
❈♦q ❉❡✈❡❧♦♣♠❡♥t ❚❡❛♠✱ ❚✳ ✭✷✵✶✷✮✳ ❚❤❡ ❈♦q ❘❡❢❡r❡♥❝❡ ▼❛♥✉❛❧✱ ✈❡rs✐♦♥ ✽✳✹✳ ❉✐str✐❜✉t❡❞ ❡❧❡❝✲
tr♦♥✐❝❛❧❧② ❛t ❤tt♣✿✴✴❝♦q✳✐♥r✐❛✳❢r✴❞♦❝✳
❋r✐❡❞♠❛♥✱ ●✳ ✭✷✵✶✷✮✳ ❙✉r✈❡② ❛rt✐❝❧❡✿ ❆♥ ❡❧❡♠❡♥t❛r② ✐❧❧✉str❛t❡❞ ✐♥tr♦❞✉❝t✐♦♥ t♦ s✐♠♣❧✐❝✐❛❧ s❡ts✳
▲❡❋❛♥✉ ▲✉♠s❞❛✐♥❡✱ P✳ ✭✷✵✶✷✮✳ ❙❡♠✐✲s✐♠♣❧✐❝✐❛❧ t②♣❡s✳ ❖♥❧✐♥❡ ❛t ❤tt♣✿✴✴✉❢✲✐❛s✲
✷✵✶✷✳✇✐❦✐s♣❛❝❡s✳❝♦♠✴❙❡♠✐✲s✐♠♣❧✐❝✐❛❧✰t②♣❡s✳
❚❤❡ ❯♥✐✈❛❧❡♥t ❋♦✉♥❞❛t✐♦♥s Pr♦❣r❛♠✱ ■❆❙✳ ✭✷✵✶✸✮✳ ❍♦♠♦t♦♣② t②♣❡ t❤❡♦r②✿ ❯♥✐✈❛❧❡♥t ❢♦✉♥❞❛t✐♦♥s
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